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Abstract
For a Tychonoff space X , we denote by Cp(X) the space of all real-valued
continuous functions on X with the topology of pointwise convergence.
In this paper we prove that:
• if every finite power of X is Lindele¨of then Cp(X) to be strongly se-
quentially separable iff X is γ-set.
• Bα(X) — functions Baire class α (1 < α ≤ ω1) on a Tychonoff space X
with the pointwise topology — to be sequentially separable iff there exists a
Baire isomorphism class α from a space X onto a σ-set.
• Bα(X) is strongly sequentially separable iff iw(X) = ℵ0 and X is a
Zα-cover γ-set for 0 < α ≤ ω1.
• there is a consistent example of a set of reals X , such that Cp(X)
is strongly sequentially separable, but B1(X) is not strongly sequentially
separable.
• B(X) is sequentially separable, but is not strongly sequentially separa-
ble for a b-Sierpin´ski set X .
Keywords: strongly sequentially separable, sequentially separable, function
spaces, selection principles, Gerlits-Nage γ property, Baire function, σ-set,
S1(Ω,Γ), S1(BΩ, BΓ), γ-set, Cp space, b-Sierpin´ski set
2000 MSC: 37F20, 26A03, 03E75, 54C35
Email address: OAB@list.ru (Alexander V. Osipov)
Preprint submitted to Elsevier November 7, 2018
1. Introduction
Many topological properties are defined or characterized in terms of the
following classical selection principles given in a general form in [33]. Let A
and B be sets consisting of families of subsets of an infinite set X . Then:
S1(A,B) is the selection hypothesis: for each sequence (An : n ∈ ω) of
elements of A there is a sequence (bn : n ∈ ω) such that for each n, bn ∈ An,
and {bn : n ∈ ω} is an element of B.
Sfin(A,B) is the selection hypothesis: for each sequence (An : n ∈ ω) of
elements of A there is a sequence (Bn : n ∈ ω) of finite sets such that for
each n, Bn ⊆ An, and
⋃
n∈ω Bn ∈ B.
Ufin(A,B) is the selection hypothesis: whenever U1, U2, ... ∈ A and none
contains a finite subcover, there are finite sets Fn ⊆ Un, n ∈ ω, such that
{
⋃
Fn : n ∈ ω} ∈ B.
The papers [16, 17, 33, 34, 38] have initiated the simultaneous considera-
tion of these properties in the case where A and B are important families of
open covers of a topological space X .
An open cover U of a space X is:
• an ω-cover if X does not belong to U and every finite subset of X is
contained in a member of U .
• a γ-cover if it is infinite and each x ∈ X belongs to all but finitely many
elements of U .
For a topological space X we denote:
• O — the family of open covers of X ;
• Ω — the family of open ω-covers of X ;
• Ωωcz — the family of countable cozero ω-covers of X ;
• Γ — the family of open γ-covers of X ;
• BΩ — the family of countable Baire (Borel for a metrizable X) ω-covers
of X ;
• BΓ — the family of countable Baire (Borel for a metrizable X) γ-covers
of X .
In this paper we prove that if every finite power of X is Lindele¨of then
Cp(X) to be strongly sequentially separable iffX is γ-set (X satisfies S1(Ω,Γ)).
In Section 4 we prove that the space Bα(X) of functions Baire class α
(1 < α ≤ ω1) on a Tychonoff space X with the pointwise topology to be se-
quentially separable iff there exists a Baire isomorphism class α from a space
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X onto a σ-set. Also we get criterion of strongly sequentially separableness
of a space Bα(X) (0 < α ≤ ω1).
2. Main definitions and notation
We will be denoted by
• Bα(X) a set of all functions of Baire class α for α ∈ [0, ω1] defined on
a Tychonoff space X , provided with the pointwise convergence topology.
In particular:
• Cp(X) = B0(X) a set of all real-valued continuous functions C(X)
defined on a Tychonoff space X .
• B1(X) a set of all first Baire class functions B1(X) i.e., pointwise limits
of continuous functions, defined on a Tychonoff space X .
• B(X) = Bω1(X) a set of all Baire functions, defined on a Tychonoff
space X . If X is metrizable space, then B(X) be called a space of Borel
functions.
Recall that the i-weight iw(X) of a space X is the smallest infinite car-
dinal number τ such that X can be mapped by a one-to-one continuous
mapping onto a space of the weight not greater than τ . It well-known that
iw(X) = d(Bα(X)) for 0 ≤ α ≤ ω1 (Theorem 1 in [30]). In particular, for
every Tychonoff space X , iw(X) = d(Cp(X)) ([25]).
If X is a space and A ⊆ X , then the sequential closure of A, denoted by
[A]seq, is the set of all limits of sequences from A. A set D ⊆ X is said to
be sequentially dense if X = [D]seq. If D is a countable sequentially dense
subset of X then X call sequentially separable space.
Call X strongly sequentially separable if X is separable and every count-
able dense subset of X is sequentially dense.
We recall that a subset of X that is the complete preimage of zero for a
certain function from C(X) is called a zero-set. A subset O ⊆ X is called a
cozero-set (or functionally open) of X if X \O is a zero-set. If a set Z = ∪iZi
where Zi is a zero-set of X for any i ∈ ω then Z is called a Zσ-set of X .
Note that if a space X is a perfect normal space, then class of Zσ-sets of X
coincides with class of Fσ-sets of X .
It is well known [18], that f ∈ B1(X) iff f
−1(G) — Zσ-set for any open
set G of real line R.
Recall that the cardinal p is the smallest cardinal so that there is a col-
lection of p many subsets of the natural numbers with the strong finite inter-
section property but no infinite pseudo-intersection. Note that ω1 ≤ p ≤ c.
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For f, g ∈ ωω, let f ≤∗ g if f(n) ≤ g(n) for all but finitely many n. b is
the minimal cardinality of a ≤∗-unbounded subset of ωω. A set B ⊂ [ω]∞
is unbounded if the set of all increasing enumerations of elements of B is
unbounded in ωω, with respect to ≤∗. It follows that |B| ≥ b. A subset S of
the real line is called a Q-set if each one of its subsets is a Gδ. The cardinal q
is the smallest cardinal so that for any κ < q there is a Q-set of size κ. (See
[9] for more on small cardinals including p).
Further we use the following theorems.
Theorem 2.1. ([41]). A space Cp(X) is sequentially separable iff there exist
a condensation (one-to-one continuous map) f : X 7→ Y from a space X on
a separable metric space Y , such that f(U) — Fσ-set of Y for any cozero-set
U of X.
Theorem 2.2. ([41]). A space B1(X) is sequentially separable for any sep-
arable metric space X.
Note that proof of this theorem gives more, namely there exists a count-
able subset S ⊂ C(X), such that [S]seq = B1(X).
By a set of reals we usually mean a zero-dimensional, separable metrizable
space.
3. Continuous functions
Recall that X has the property γ: for any open ω-cover α of X there is
a sequence β ⊂ α such that β is a γ-cover of X .
Recall that X has projectively property (γ), if every continuous second
countable image of X has the property γ [5].
Note that S1(Ω,Γ) is equivalent to the γ-property introduced by Gerlits
and Nagy in [13]. So we will call projectively S1(Ω,Γ) instead of projectively
(γ).
In ([5], Theorem 54), M. Bonanzinga, F. Cammaroto, M. Matveev proved
Theorem 3.1. The following conditions are equivalent for a space X:
1. X |= projective S1(Ω,Γ);
2. every Lindelo¨f image of X has property (γ);
3. for every continuous mapping f : X 7→ Rω, f(X) |= S1(Ω,Γ);
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4. for every continuous mapping f : X 7→ R, f(X) |= S1(Ω,Γ);
5. for every countable ω-cover U of X by cozero sets, one can pick Un ∈ U
so that every x ∈ X is contained in all but finitely many Un;
6. X |= S1(Ω
ω
cz,Γ).
In [28], authors was proved
Theorem 3.2. For a Tychonoff space X the following statements are equiv-
alent:
1. Cp(X) is strongly sequentially separable;
2. X |= projective S1(Ω,Γ) and iw(X) = ℵ0.
By Proposition 55 in [11], we have that
• every projectively (γ) space is zero-dimensional;
• every space of cardinality less than p is projectively (γ);
• the projectively (γ) property is preserved by continuous images.
Then we have the next
Proposition 3.3. Let X be a Tychonoff space with iw(X) = ℵ0.
• If Cp(X) is strongly sequentially separable, then X is zero-dimensional.
• If cardinality of X less than p, then Cp(X) is strongly sequentially
separable.
• If Cp(X) is strongly sequentially separable and h : X 7→ Y is continuous
mapping from X onto a space Y with iw(Y ) = ℵ0, then Cp(Y ) is also strongly
sequentially separable.
Proposition 3.4. Suppose a space X |= projective S1(Ω,Γ), and F ⊆ X be
a Zσ-set of X. Then F |= projective S1(Ω,Γ).
Proof. Let Vn = {V
n
s : s ∈ ω} ∈ Ω
ω
cz of F for each n ∈ ω, and F =
⋃
i
Fi,
where Fi is a zero-set of X and Fi ⊂ Fi+1 for each i ∈ ω.
Consider V1 = {V
1
s : s ∈ ω} and i0 = 1. For each s ∈ ω there is Fis such
that Fis * V
1
s and is > is−1. Let W1 = {V
1
s ∪ (X \ Fis) : s ∈ ω}.
Fix n ∈ ω \ {1} consider Vn = {V
n
s : s ∈ ω} and i0 = n. For each
s ∈ ω there is Fis such that Fis * V
n
s and is > is−1. Let Wn = {W
n
s :=
V ns ∪ (X \ Fis) : s ∈ ω}. Claim that Wn ∈ Ω
ω
cz of X for each n ∈ ω. Let K
be a finite subset of X . Since X \ F ⊂ W ns for s ∈ ω we can assume that
K ⊂ F . There exists s ∈ ω such that K ⊂ V ns . Then K ⊂ W
n
s .
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Since X has the property S1(Ω
ω
cz,Γ) there is the sequence S = {W
n
s(n) =
V ns(n) ∪ (X \ Fis(n)) : n ∈ ω} such that W
n
s(n) ∈ Wn and S is a γ-cover of X .
We claim that {V ns(n) : n ∈ ω} is a γ-cover of F .
Let P be a finite subset of F . There is i′ ∈ ω such that P ⊂ Fi′ . Since S
is a γ-cover of X there is n′ such that n′ > i′ and P ⊂W ns(n) for each n > n
′,
hence, P ⊂ V ns(n) for each n > n
′.
Corollary 3.5. Let Cp(X) be strongly sequentially separable for a Tychonoff
space X , and F ⊆ X be a Zσ-set of X . Then Cp(F ) is strongly sequentially
separable.
Theorem 3.6. Let X be a Tychonoff space, iw(X) = ℵ0 and A ⊆ X. The
space (X \A)
⊔
A |= projective S1(Ω,Γ) iff a space X |= projective S1(Ω,Γ),
and A and X \ A are Zσ-sets in X.
Proof. (1)⇒ (2). This implication may be proved in much the same way as
Theorem 5 in [10]. Since iw(X) = ℵ0 there are countable cozero family γ in
X such that for each F ∈ [(X \A)
⊔
A]<ω there exists functionally separated
(in X) subsets CF , DF ∈ γ such that F ⊂ CF
⊔
DF ⊂ (X \ A)
⊔
A.
By the countable γ-property there exists Fn for n ∈ ω such that
(X \ A)
⊔
A ⊂
⋃
n
⋂
m>n
(CFm
⊔
DFm).
Since CFn and DFn are functionally separated sets in X (i.e., there is
fn ∈ C(X) such that f
−1
n (0) ⊇ CFn and f
−1
n (1) ⊇ DFn)⋃
n
⋂
m>n
f−1m (0) and
⋃
n
⋂
m>n
f−1m (1) are disjoint, and they show that X \ A
and A are Zσ-sets in X .
The mapping id : (X \ A)
⊔
A 7→ X is continuous, hence, X is a γ-set.
(2)⇒ (1). Consider a countable cozero ω-cover α = {Vk} of (X \A)
⊔
A.
Let A =
⋃
i
Fi =
⋂
j
Gj where Fi is a zero-set of X and Gj is an cozero-set of X
for each i, j ∈ ω. Denote V˜k = Vk∪(Gk\Fk) for each k ∈ ω. Note that {V˜k} is
a countable cozero ω-cover of X . There is a sequence β = {V˜ks} ⊂ {V˜k} such
that β is a γ-cover of X . It follows that {Vks} is a γ-cover of (X \ A)
⊔
A.
For X ⊆ [0, 1] let X + 1 = {x+ 1 : x ∈ X}.
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Corollary 3.7. (Theorem 5 in [10]) Suppose A ⊆ X ⊆ [0, 1]. A space
(X \A) ∪ (A+ 1) is a γ-set iff the space X is a γ-set and A is Gδ and Fσ in
X .
Note that property (γ) is preserved by finite powers [12], but for projective
S1(Ω,Γ) is not the case (Example 58 in [5]).
Proposition 3.8. Suppose X |= projective S1(Ω,Γ). Then X
⊔
X |= pro-
jective S1(Ω,Γ).
Proof. Let U = {Ui : i ∈ ω} be a countable ω-cover of X
⊔
X by cozero sets.
Let X
⊔
X = X1
⊔
X2 where Xi = X for i = 1, 2. Consider V1 = {U
1
i =
Ui
⋂
X1 : X1 \ Ui 6= ∅, i ∈ ω} and V2 = {U
2
i = Ui
⋂
X2 : X2 \ Ui 6= ∅, i ∈ ω}
as families of subsets of the space X . Define V := {U1i
⋂
U2i : U
1
i ∈ V1 and
U2i ∈ V2}. Note that V is a countable ω-cover of X by cozero sets. By
Theorem 3.1, there is {U1in
⋂
U2in : n ∈ ω} ⊂ V such that {U
1
in
⋂
U2in : n ∈ ω}
is a γ-cover of X . It follows that {Uin : n ∈ ω} is a γ-cover of X
⊔
X .
Proposition 3.9. Suppose X |= projective S1(Ω,Γ), A and X\A are Zσ-sets
in X. Then X
⊔
A |= projective S1(Ω,Γ).
Proof. By Theorem 3.6, (X \A)
⊔
A |= projective S1(Ω,Γ). Let Y = ((X1 \
A1)
⊔
A1)
⊔
((X2 \ A2)
⊔
A2)) where Xi = X , Ai = A for i = 1, 2. By
Proposition 3.8, Y is projective S1(Ω,Γ).
Define the continuous mapping f : Y 7→ X
⊔
A defined by f
f =


id(X1 \ A1) = X \XA
id(A1) = XA
id(X2 \ A2) = X \XA
id(A2) = A
where XA ⊂ X such that XA = A and id is an identity mapping. Note
that the projectively (γ) property is preserved by continuous images (Propo-
sition 55 in [11]). Since Y |= projective S1(Ω,Γ) and f is a continuous
mapping this implies X
⊔
A |= projective S1(Ω,Γ).
Corollary 3.10. Suppose X is a γ-set, A is Gδ and Fσ in X . Then X
⊔
A
is a γ-set.
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Proposition 3.11. Suppose a Tychonoff space X such that Cp(X) is strongly
sequentially separable, A ⊂ X and A and X \ A are Zσ-sets in X. Then
Cp(X
⊔
A) is strongly sequentially separable.
Corollary 3.12. Suppose X is a perfect normal space and Cp(X) is strongly
sequentially separable, A is Gδ and Fσ in X . Then Cp(X
⊔
A) is strongly
sequentially separable.
Recall that l∗(X) ≤ ℵ0 if every finite power of X is Lindele¨of (or, by
Proposition in [13], if every ω-cover of X contains an at most countable
ω-subcover of X).
Theorem 3.13. For a Tychonoff space X with l∗(X) ≤ ℵ0 and n ∈ ω the
following statements are equivalent:
1. Cp(X) is strongly sequentially separable;
2. Cp(X
n) is strongly sequentially separable;
3. (Cp(X))
ℵ0 is strongly sequentially separable;
4. Cp(X) is separable and Frechet-Urysohn;
5. Cp(X
n) is separable and Frechet-Urysohn;
6. (Cp(X))
ℵ0 is separable and Frechet-Urysohn;
7. iw(X) = ℵ0 and X |= projective S1(Ω,Γ);
8. iw(X) = ℵ0 and X
n |= projective S1(Ω,Γ);
9. iw(X) = ℵ0 and X |= S1(Ω,Γ);
10. iw(Xn) = ℵ0 and X
n |= S1(Ω,Γ);
11. iw(X) = ℵ0 and X has γ property;
12. iw(Xn) = ℵ0 and X
n has γ property;
13. Cp(X,Rℵ0) is separable and Frechet-Urysohn;
14. Cp(X,Rℵ0) is strongly sequentially separable.
Proof. By Theorem 3.2, Proposition 3.8 and Theorem II.3.2 in [3], and that
(Cp(X))
ℵ0 is homeomorphic to the space Cp(X,Rℵ0) ([2]).
By Todorcˇevic´ Theorem (Theorem 4 in [10]) and Theorem 3.13 we have
the next
Proposition 3.14. Assuming ♦ω1 there exists a γ-set X of cardinality ω1 = c
that for every subset Y of X the space Cp(Y ) is strongly sequentially separa-
ble.
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4. Baire functions class α
Let X be a Tychonoff space and C(X) the space of continuous real-valued
functions on X . Let B0(X) = C(X), and inductively define Bα(X) for each
ordinal α ≤ ω1 to be the space of pointwise limits of sequences of functions
in
⋃
ξ<α
Bξ(X). Let B
∗
α(X) be the space of bounded functions in Bα(X).
The functions in B(X) = Bω1(X) =
⋃
α<ω1
Bα(X) are called Baire functions
or, if X is metrizable, Borel functions.
The Baire sets of X of multiplicative class α, denoted by Zα(X), are
defined to be the zero sets of functions in B∗α(X). Those of additive class
α, denoted by CZα(X), are defined as the complements of sets in Zα(X).
Zω1(X) =
⋃
α<ω1
Zα(X). Finally, those of ambiguous class α, denoted by
Aα(X), are the sets which are simultaneously in Zα(X) and CZα(X).
With the set-theoretic operations of unions and intersection, Aα(X) is
a Boolean algebra for each α ≤ ω1. By the Lebesgue-Hausdoff Theorem
(Theorem 6.1.1 in [15]), for each α < ω1
Zα+1(X) = (CZα(X))δ, and CZα+1(X) = (Zα(X))σ; and if λ is a limit
ordinal, then Zλ(X) = (
⋃
ξ<λ
CZξ(X))σδ and CZλ(X) = (
⋃
ξ<λ
Zξ(X))δσ.
It is well known ([18]), that f ∈ Bα(X) iff f
−1(G) ∈ CZα(X) for any
open set G of real line R.
In [27], Osipov and Pytkeev have established criterion for B1(X) to be
sequentially separable.
Theorem 4.1. (Osipov, Pytkeev) A function space B1(X) is sequentially
separable iff there exists a bijection ϕ : X 7→ Y from a space X onto a
separable metrizable space Y , such that
1. ϕ−1(U) — Zσ-set of X for any open set U of Y ;
2. ϕ(T ) — Fσ-set of Y for any zero-set T of X.
Corollary 4.2. A function space B1(X) is sequentially separable iff there
exists a Baire isomorphism class 1 from a spaceX onto a separable metrizable
space.
9
Theorem 4.3. For any 1 < α ≤ ω1, a function space Bα(X) is sequentially
separable iff there exists a bijection ϕ : X 7→ Y from a space X onto a
separable metrizable space Y , such that
1. ϕ−1(U) ∈ CZα(X) for any open set U of Y ;
2. ϕ(T ) — Fσ-set of Y for T ∈ (
⋃
ξ<α
Zξ(X))δ.
Proof. (1)⇒ (2). Let Bα(X) be sequentially separable, and S be a countable
sequentially dense subset of Bα(X). Consider the topology τ generated by
the family P = {f−1(G) : G is an open set of R and f ∈ S}. A space
Y = (X, τ) is a separable metrizable space because S is a countable dense
subset of Bα(X). Note that a function f ∈ S, considered as mapping from
Y to R, is a continuous function. Let ϕ be the identity mapping from X on
Y .
We claim that ϕ−1(U) ∈ CZα(X) for any open set U of Y .
Note that CZα(X) is closed under a countable unions and a finite in-
tersections. It follows that it is sufficient to prove for any P ∈ P. But
ϕ−1(P ) ∈ CZα(X) because f ∈ S ⊂ Bα(X).
Let T ∈ (
⋃
ξ<α
Zξ(X))δ ⊂ Aα(X) and h be a characteristic function of T .
Since T ∈ Aα(X), h ∈ Bα(X) (see Theorem 1, §31 in [18]).
There exists {fn}n∈ω ⊂ S such that {fn}n∈ω converges to h. Since S ⊂
Cp(Y ), h ∈ B1(Y ) and, hence, h
−1(1
2
, 3
2
) = T is a Zσ-set of Y . (Note that if
a space Z is a perfect normal space, then class of Zσ-sets of Z coincides with
class of Fσ-sets of Z).
(2) ⇒ (1). Let ϕ be a bijection from X on Y satisfying the condi-
tions of theorem. Then h = f ◦ ϕ ∈ Bα(X) for any f ∈ C(Y ) (h
−1(G) =
ϕ−1(f−1(G)) ∈ CZα(X) for any open set G of R).
Moreover, g = f ◦ ϕ−1 ∈ B1(Y ) for any f ∈ Bα(X) because of ϕ(Z) is a
Fσ-set of Y for any Z ∈ CZα(X). Define a mapping F : Bα(X) 7→ B1(Y ) by
F (f) = f ◦ ϕ−1.
Since ϕ is a bijection, C(Y ) embeds in F (Bα(X)) i.e., C(Y ) ⊆ F (Bα(X)) ⊆
B1(Y ) ⊆ Bα(Y ) ⊆ F (Bα(X)). Note that F (Bα(X)) = B1(Y ) = Bα(Y ) i.e.,
Y is a σ-set (recall that a set of reals X is σ-set if each Gδ subset of X is an
Fσ subset of X [18]).
By Theorem 1 in [41], each subspace D such that C(Y ) ⊂ D ⊂ B1(Y ) is
sequentially separable. Thus F (Bα(X)) is sequentially separable, and, hence,
Bα(X) is sequentially separable.
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Corollary 4.4. A function space B(X) is sequentially separable iff there
exists a bijection ϕ : X 7→ Y from a space X onto a separable metrizable
space Y , such that
1. ϕ−1(U) — Baire set of X for any open set U of Y ;
2. ϕ(T ) — Fσ-set of Y for any Baire set T of X .
A bijection f : X 7→ Y between Tychonoff spaces is called a Baire iso-
morphism if f(Zω1(X)) = Zω1(Y ); and is said to be of class (α,β) (or α if
α = β) if f−1(Z0(Y )) ⊂ Zα(X) and f(Z0(X)) ⊂ Zβ(Y ).
If X and Y are metrizable, then f is usually called a Borel isomorphism.
Note that if X is a σ-set, then B1(X) = B(X) is sequentially separable
(Theorem 2.2).
Recall that X ⊂ 2ω is Sierpin´ski set, if it is uncountable, but for ev-
ery measure zero set M , X
⋂
M is countable. Sierpin´ski showed that the
Continuum Hypothesis (CH) implies the existence of such sets.
Proposition 4.5. (CH) Let X be a Sierpin´ski set. Then B1(X) = B(X) is
sequentially separable.
Proof. By Szpilrajn (Marczewski) Theorem (see in [37]), if X is a Sierpin´ski
set, then X is a σ-set.
Corollary 4.6. Let X be a Tychonoff space and 1 < α ≤ ω1. A function
space Bα(X) is sequentially separable iff there exists a Baire isomorphism of
class α from a space X onto a σ-set.
Corollary 4.7. Let X be a metrizable space. A space B(X) of Borel func-
tions is sequentially separable iff there exists a Borel isomorphism from a
space X onto a σ-set.
Recall that Baire order ord(C(X)) = min{β : Bβ(X) = Bβ+1(X)}.
Corollary 4.8. Suppose that Bα(X) is sequentially separable for a Ty-
chonoff space X and 1 < α ≤ ω1. Then Baire order ord(C(X)) ≤ α and
ord(C(X)) < ω1.
Proof. If exists a Baire isomorphism F of class α from a space X onto a
σ-set Y , then F is a Baire isomorphism F of class β for every β ≥ α. By
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Theorem 4.3, F (Bα(X)) = B1(Y ) = F (Bβ(X)) for every β ≥ α. It follows
that ord(C(X)) ≤ α.
Note that if B(X) is sequentially separable, then there exists a countable
sequentially dense subset S ⊂ B(X), and, hence, S ⊂ Bα′(X) for some α
′ <
ω1. It follows that Bα′(X) is also sequentially separable, Bα′(X) = B(X)
and ord(C(X)) < ω1.
The basic existence result are given in the next theorem.
Theorem 4.9. (Lebesgue, [19]) If X is a complete metric space containing
a non-empty perfect subset, then for all α < ω1, Bα+1(X) \Bα(X) 6= ∅.
Theorem 4.10. (Cˇoban, [8], Jayne, [14]) If X is a compact Hausdorff space
containing a non-empty perfect subset, then for all α < ω1,
Bα+1(X) \Bα(X) 6= ∅.
Theorem 4.11. (P.R. Meyer, [24]) If X is a compact Hausdorff space which
contains no non-empty perfect subsets, then B1(X) = B2(X).
Note that, if X is an uncountable Polish space, then B1(X) is sequentially
separable (Theorem 2.2), but, by Lebesgue Theorem 4.9 and Corollary 4.8,
Bα(X) is not sequentially separable for 1 < α ≤ ω1. The same is true for
any uncountable analytic (
∑
1
1
) space X since X has a perfect subspace (see
[18]).
By Theorem 4.11, if X is a metrizable compact space which contains no
non-empty perfect subsets, then B1(X) = B(X) is sequentially separable.
Proposition 4.12. There exists an example (an uncountable Polish space
containing a non-empty perfect subset) a space X, such that B1(X) is sequen-
tially separable, but Bα(X) is not sequentially separable for all 1 < α ≤ ω1.
A natural generalization of a σ-set is the notion of Q-set. A set of reals
X is a Q-set if every subset of X is a relative Fσ. Assuming Martin’s axiom
(MA) every set of reals of cardinality less than the continuum is a Q-set
(Theorems in [20] or [32]).
Proposition 4.13. (MA) Let X be a set of reals, |X| < c. Then B1(X) =
RX is sequentially separable.
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Proposition 4.14. (MA) Let X be a Tychonoff space, iw(X) = ℵ0 and
|X| < c. Then B(X) is sequentially separable.
By Theorem 9.1 in [9], b = min{|X| : X is a separable metrizable, but it
is not a σ-set}. Then we have a next result.
Proposition 4.15. Let X be a Tychonoff space, iw(X) = ℵ0 and |X| < b.
Then B(X) is sequentially separable.
On the other hand, it is consistent that there are no uncountable σ-sets,
in fact, it is consistent that every uncountable set of reals has Baire order ω1
(Theorem 22 in [22]).
Proposition 4.16. It is consistent that there are no uncountable σ-sets, if
Bα(X) is sequentially separable for a Tychonoff space X and α > 1, then X
is countable.
We denote:
• Zα = (
⋃
ξ<α
Zξ(X))δ;
• ZαΩ — the family of countable Z
α ω-covers of X ;
• ZαΓ — the family of countable Z
α γ-covers of X .
A set X is called a Zα-cover γ-set iff every countable ω-cover of X by Zα
sets contains a γ-cover.
Being a Zα-cover γ-set is equivalent to saying that for any ω-sequence of
countable Zα ω-covers of X we can choose one element from each and get a
γ-cover of X – this is denoted S1(Z
α
Ω, Z
α
Γ ).
A standard diagonalization trick gives the following.
Proposition 4.17. A Zα-cover γ-set X is equivalent to X |= S1(Z
α
Ω, Z
α
Γ ).
Proof. The proof of this is like that of the corresponding result in [13].
We recall concept Zσ-mapping:
a map f : X 7→ Y be called a Zσ-map, if f
−1(Z) is a Zσ-set of X for any
zero-set Z of Y .
In [27], Osipov and Pytkeev have established criterion for B1(X) to be
strongly sequentially separable.
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Theorem 4.18. (Osipov, Pytkeev) A function space B1(X) is strongly se-
quentially separable iff X has a coarser second countable topology, and for
any bijection ϕ from a space X onto a separable metrizable space Y , such
that ϕ−1(U) — Zσ-set of X for any open set U of Y , the space Y has the
property γ.
Theorem 4.19. For a Tychonoff space X and 0 < α ≤ ω1, the following
statements are equivalent:
1. Bα(X) is strongly sequentially separable;
2. iw(X) = ℵ0 and X |= S1(Z
α
Ω, Z
α
Γ );
3. iw(X) = ℵ0 and X is a Z
α-cover γ-set.
Proof. (1) ⇒ (3). Let Bα(X) be strongly sequentially separable space and
α = {Vi} be a countable Z
α ω-cover of X . Let S = {hi : i ∈ ω} be a
countable sequentially dense subset of Bα(X). Consider the countable set
D = {fi,j ∈ Bα(X) : fi,j ↾ Vi = hj and fi,j ↾ (X \ Vi) = 1 for i, j ∈ ω}. Since
α = {Vi} is Z
α ω-cover of X and S is a dense subset of Bα(X), the set D is
a dense subset of Bα(X). By (1), the set D is a countable sequentially dense
subset of Bα(X). Then there exists a sequence {fik,jk}k∈ω converge to 0 such
that fik,jk ∈ D for every k ∈ ω. Claim that the sequence {Vik : k ∈ ω} is a
γ-cover of X . Let K be a finite subset of X and W = [K, (−1, 1)] is a base
neighborhood of 0, then there is k′ ∈ ω such that fik,jk ∈ W for each k > k
′.
It follows that K ⊂ Vik for each k > k
′. We thus get that X is a Zα-cover
γ-set.
(2)⇔ (3). By Proposition 4.17.
(2) ⇒ (1) Let iw(X) = ℵ0, X |= S1(Z
α
Ω, Z
α
Γ ) and D = {di : i ∈ ω}
be a countable dense subset of Bα(X). Claim that there exists a sequence
{dik}k∈ω such that dik ∈ D for every k ∈ ω and {dik}k∈ω converge to 0.
The set Vj = {V
i
j = d
−1
i (−
1
j
, 1
j
) : di ∈ D} is a countable ω-cover of
X by Zα sets for every j ∈ ω. Indeed, let K be a finite subset of X and
W = [K, (−1
j
, 1
j
)] be a base neighborhood of 0, then there is d ∈ D such that
d ∈ W , hence, K ⊂ d−1(−1
j
, 1
j
).
By (2), there is a sequence {V
i(j)
j }j∈ω such that V
i(j)
j ∈ Vj and {V
i(j)
j :
j ∈ ω} is a γ-cover of X . Claim that {di(j)}j∈ω converge to 0. Let K be a
finite subset of X , ǫ > 0 and O = [K, (−ǫ, ǫ)] be a base neighborhood of 0,
then there is j′ ∈ ω such that 1
j′
< ǫ and K ⊂ V
i(j)
j for j > j
′. It follows that
di(j) ∈ O for j > j
′.
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Recall that a set X is called a Borel-cover γ-set iff every countable ω-cover
of X by Borel sets contains a γ-cover (see in [21]).
Being a Borel-cover γ-set is equivalent to saying that for any ω-sequence
of countable Borel ω-covers of X we can choose one element from each and
get a γ-cover of X – this is denoted S1(BΩ, BΓ). The equivalence was proved
by Gerlitz and Nagy [13] for open covers i.e., for S1(Ω,Γ), but the proof
works also for Borel covers as was noted in Scheepers and Tsaban [35].
Proposition 4.20. (Scheepers, Tsaban) A Borel-cover γ-set X is equivalent
to X |= S1(BΩ, BΓ).
Note that T. Orenshtein and B. Tsaban proved (Lemma 2.8 in [26]) the
interesting
Proposition 4.21. (Orenshtein, Tsaban) Assume that a space X is a Borel-
cover γ-set. Then for each countable A ⊂ B(X), each f ∈ A is a pointwise
limit of a sequence of elements of A.
In [28], authors was proved
Corollary 4.22. For a Tychonoff space X the following statements are
equivalent:
1. B(X) is strongly sequentially separable;
2. iw(X) = ℵ0 and X |= S1(BΩ, BΓ);
3. iw(X) = ℵ0 and X is a Borel-cover γ-set.
Recall that the space Y is an α1 space, if for each y ∈ Y , each countable
family {An} of sequences, each converging to y, can be amalgamated as
follows: there are cofinite subsets Bn ⊂ An, n ∈ ω, such that the set B =⋃
nBn converges to y [1].
Let Y be a metric space. A function f : X 7→ Y is a quasi-normal limit
of functions fn : X 7→ Y if there are positive reals ǫn, n ∈ ω, converging
to 0 such that for each x ∈ X , d(fn(x), f(x)) < ǫn for all but finitely many
n. A topological space X is QN -space if whenever 0 is a pointwise limit
of a sequence of continuous real-valued functions on X , we have that 0 is a
quasi-normal limit of the same sequence.
By Corollary 20, Corollary 21 and Theorem 32 in [39], we have
Theorem 4.23. For a set of reals X and 0 < α ≤ ω1, the following are
equivalent.
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1. Cp(X) is an α1 space.
2. Bα(X) is an αi space for each i = 1, 4.
3. X is a QN space.
4. X |= S1(FΓ, FΓ).
5. X |= S1(BΓ, BΓ).
6. Each Baire class α image of X in ωω is bounded;
7. Each Borel image of X in ωω is bounded.
8. X |= S1(Z
α
Γ , Z
α
Γ ).
Note note that S1(BΓ, BΓ) implies that X is σ-set (Proposition 4 in [35]).
It follows that S1(BΓ, BΓ) = S1(Z
α
Γ , Z
α
Γ ).
Corollary 4.24. For a set of reals X , the following are equivalent.
1. X |= S1(Z
α
Γ , Z
α
Γ ).
2. Every Fσ-measurable mapping f : X 7→ ω
ω (i.e., f−1(U) ∈ Fσ for open
U) the image f(X) ⊂ ωω is bounded.
Recall the definition of the weak distributive law for a family of subsets
of a nonempty set (see [7]).
Let X be a nonempty set, A ⊆ P(X) being a family of subsets. A is
called weakly distributive if for any system An,m ∈ A, n,m ∈ ω such that⋂
n
⋃
m
An,m = X
there exists a function ϕ ∈ ωω such that
⋃
k
⋂
n≥k
⋃
m≤ϕ(n)
An,m = X .
Theorem 4.25. Let X be a perfectly normal topological space and 0 < α ≤
ω1. Then the following statements are equivalent:
1. Bα(X) is strongly sequentially separable;
2. iw(X) = ℵ0 and X |= S1(BΩ, BΓ);
3. iw(X) = ℵ0 and X |= S1(FΩ, FΓ).
Proof. Note that if X |= S1(FΩ, FΓ) then the family of closed subsets of X
is weakly distributive. Then X is a σ-set (see Theorem 5.2. in [7] and [18]).
Corollary 4.26. (see Corollary 5.4 in [7]) Let X be a perfectly normal space.
If X |= S1(FΩ, FΓ) then every subset of X is a QN -space.
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Theorem 4.27. (p = c) There is a consistent example of a set of reals X,
such that Cp(X) is strongly sequentially separable, but B1(X) is not strongly
sequentially separable.
Proof. By corollary 1 in [31] (Rec law’s proof assumes Martin’s axiom, but
the partial order used is σ-centered so that in fact p = c is enough (see The-
orem 44 in [35])), there exists a γ-set which can be mapped onto [0, 1] by
a Borel function. It follows that X |= S1(Ω,Γ), but X has not the prop-
erty S1(BΩ, BΓ). By Theorem 3.13 and Theorem 4.25, Cp(X) is strongly
sequentially separable, but B1(X) is not strongly sequentially separable.
Corollary 4.28. (p = c) There is a consistent example of a set of reals X ,
such that X |= S1(Ω,Γ), but X has not the property S1(FΩ, FΓ).
For an uncountable cardinal number κ a set of real numbers is a κ-
Sierpin´ski set if it has cardinality at least κ, but its intersection with each set
of Lebesgue measure zero is less than κ. Note that every b-Sierpin´ski set has
property S1(BΓ, BΓ) and, hence, it is a σ-set. Since sets of real numbers hav-
ing property S1(O,O) have measure zero, no b-Sierpin´ski set has property
S1(O,O). Hence, b-Sierpin´ski set has not property S1(BΩ, BΓ) ([35]).
By Corollary 4.6 and Theorem 4.25, we have the next
Proposition 4.29. Let X be a b-Sierpin´ski set. Then B(X) is sequentially
separable, but is not strongly sequentially separable.
5. Open questions
Question 1. Assume that for a Tychonoff space X , Cp(X) is strongly
sequentially separable and τ < p. Does it follow that Cp(X,Rτ ) is strongly
sequentially separable ?
Recall that a separable space X is said to be a CDH (countable dense
homogeneous) space, if for any two countable dense subsets A and B in X ,
there is an autohomeomorphism h of X such that h(A) = B.
Note that Rκ is a CDH space iff κ < p.
Clearly, that a sequentially separable CDH space is a strongly sequen-
tially separable.
Question 2. Assume that for a Tychonoff space X , Cp(X) is strongly
sequentially separable and τ < p. Does it follow that Cp(X,Rτ ) is a CDH
space ?
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Question 3. Assume that for Tychonoff space X , B(X) is strongly
sequentially separable and τ < p. Does it follow that B(X,Rτ ) is a CDH
space ?
Question 4. Assume that for a set of reals X , B(X) is strongly sequen-
tially separable. Does it follow that B(Xn) is strongly sequentially separable
for any n > 1 ?
Question 5. Assume that a space X is a σ-, γ-set. Does it follow that
Xn is a σ-, γ-set for any n > 1 ?
Question 6. Assume that there is a Baire isomorphism (class α) from a
σ-set X onto a Tychonoff space Y . Does it follow that Y is a σ-space ?
Question 7. Does MA imply the existence of a σ-, γ-set of size the
continuum ?
Question 8. (MA) Assume that there is a σ-set X such that X is a γ-set
and |X| = c. Does it follow that for any Y ⊂ X , Y is a γ-set ?
Question 9. Assume that Bα(X) is not sequentially separable. Does it
follow that Bβ(X) is not sequentially separable for β > α?
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